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For every Tychonoff space X we denote by Cp(X) the set of all continuous real-valued
functions on X with the pointwise convergence topology, i.e., the topology of subspace
of RX . A set P is a frame for the space Cp(X) if Cp(X) ⊂ P ⊂ RX . We prove that if Cp(X)
embeds in a σ -compact space of countable tightness then X is countable. This shows
that it is natural to study when Cp(X) has a frame of countable tightness with some
compactness-like property. We prove, among other things, that if X is compact and the
space Cp(X) has a Lindelöf frame of countable tightness then t(X)  ω. We give some
generalizations of this result for the case of frames as well as for embeddings of Cp(X) in
arbitrary spaces.
© 2009 Elsevier Inc. All rights reserved.
0. Introduction
The space Cp(X) seldom has a compactness-like property; for example, Cp(X) is a countable union of its countably
compact subspaces if and only if X is ﬁnite [14]. However, for any pseudocompact space X it is possible to ﬁnd a σ -
compact frame for Cp(X), i.e., there exists a σ -compact set P such that Cp(X) ⊂ P ⊂ RX . It is a result of Uspenskij that for
any Lindelöf Σ-space X there exists a Lindelöf Σ-space P which is a frame for Cp(X). These results show the importance
of studying the spaces X for which nice frames for Cp(X) exist. Arhangel’skii [2] and Okunev [13] were the ﬁrst ones to
study and systematize the relevant classes of spaces. In [13], Okunev gave characterizations, in terms of topology of X , for
existence of σ -compact frames, Lindelöf Σ-frames and many other kinds of frames for Cp(X).
Any result about nice frames of Cp(X) actually says something about embeddings of Cp(X) and sometimes, a possibility
to embed Cp(X) in a space with nice properties implies strong restrictions on X . We show that if Cp(X) embeds in a σ -
compact space of countable tightness then X is countable. This illustrates the importance of studying frames of countable
tightness for Cp(X).
A theorem of Asanov [5] states that if Cp(X) is Lindelöf then tightness of X is countable. It would be natural to try to
obtain the same conclusion for the spaces X with a Lindelöf frame of countable tightness for Cp(X). We prove that if X is
a compact space and Cp(X) has a Lindelöf frame of countable tightness then t(X)  ω; an example is constructed which
shows that compactness of X cannot be omitted in this result.
We also establish that if the space Cp(X) can be ω-embedded in a σ -compact space Z (this means that every point
of Z is in the closure of a countable subset of Cp(X)) then X has a small diagonal. Therefore, if X is a Lindelöf Σ-space
and Cp(X) can be ω-embedded in a σ -compact space then, under the Continuum Hypothesis, the space X has a countable
network.
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All spaces are assumed to be Tychonoff. If X is a space then τ (X) is its topology and τ ∗(X) = τ (X) \ {∅}. If A ⊂ X and
κ is an inﬁnite cardinal then the set [A]κ =⋃{B: B ⊂ A and |B| κ} is called the κ-closure of A; say that A is κ-embedded
in X if [A]κ = X . A space X has tightness  κ (this is denoted by t(X)  κ ) if [A]κ = A for any A ⊂ X . A space X has a
small diagonal if, for any uncountable set A ⊂ X × X which does not meet the diagonal  = {(x, x): x ∈ X} of the space X ,
there exists an uncountable set B ⊂ A such that B ∩  = ∅.
We will follow the usual practice to identify any ordinal with the set of its predecessors. In particular, the symbol ω is
used to denote both the ﬁrst inﬁnite cardinal and the set of all ﬁnite ordinals, i.e., depending on the context, either ω = ℵ0
or ω = {0,1, . . . ,2009, . . .}. The symbol R stands for the real line with the natural topology and the space D is the doubleton
{0,1} with the discrete topology. If A is a non-empty set then Σ(A) = {x ∈ RA: the set x−1(R \ {0}) is at most countable}.
A compact space is Corson compact if it can be embedded into Σ(A) for some set A = ∅. A space X is Lindelöf Σ , if it is
a continuous image of a space Y which can be perfectly mapped onto a second countable space. Say that X is a P-space
if every countable intersection of open subsets of X is open in X . More information and bibliography on Corson compact
spaces, Lindelöf P -spaces and Lindelöf Σ-spaces can be found in [3].
The expression X 	 Y says that the spaces X and Y are homeomorphic. For all spaces X and Y let Cp(X, Y ) be the
set of all continuous functions from X to Y endowed with the topology of pointwise convergence; we write Cp(X) instead
of Cp(X,R). A set P is a frame for Cp(X) if Cp(X) ⊂ P ⊂ RX . Say that X is a Kσδ-space if there exists a space Y such that
X =⋂n∈ω Yn and every Yn is a σ -compact subspace of Y . A space X is K-analytic if it is a continuous image of a Kσδ-space.
A subset F ⊂ X is a free sequence of the space X if F = {xα: α < κ} and {xα: α < β} ∩ {xα: β  α} = ∅ for any β < κ ;
the cardinal κ is called the length of the free sequence F . Given a space X and a family U of subsets of X let ord(U , x) =
|{U ∈ U : x ∈ U }| for any x ∈ X ; a function f : X → R is called strictly ω-continuous if, for any countable A ⊂ X there is
g ∈ Cp(X) such that f |A = g|A. An inﬁnite cardinal κ is a caliber (precaliber) of a space X if, for any family U ⊂ τ ∗(X) with
|U | = κ there exists a subfamily U ′ ⊂ U such that |U ′| = κ and ⋂U ′ = ∅ (U ′ has the ﬁnite intersection property).
The rest of our notation is standard and can be found in [7] and [3].
2. Countable tightness in frames and superspaces of Cp(X)
Every Tychonoff space embeds in a compact space; however, if we try to embed Cp(X) in a nice space of countable
tightness then we obtain very strong restrictions on the space X . Our ﬁrst proposition seems to be a part of the folklore.
We give here its short proof for the reader’s convenience.
2.1. Proposition. A topological group G embeds in a compact space of countable tightness if and only if G is metrizable.
Proof. Only necessity must be proved so we can assume that G is a dense subspace of a compact space K with t(K ) ω.
A Shapirovsky’s theorem [15] implies that πχ(K )ω and hence πχ(G)ω. Now it follows from [1, Proposition 1.1] that
χ(G)ω and hence the group G is metrizable. 
2.2. Theorem. If Cp(X) embeds in a σ -compact space of countable tightness then X is countable.
Proof. Suppose that Y =⋃n∈ω Kn , every Kn is a compact space of countable tightness and Cp(X) ⊂ Y . By [18, Corollary 1.3]
there exist a number m ∈ ω and a set Z ⊂ Km ∩ Cp(X) such that Z is homeomorphic to Cp(X). The space Cp(X) being a
topological group, we can apply Proposition 2.1 to conclude that Cp(X) is metrizable and hence X is countable. 
2.3. Corollary. The following conditions are equivalent for any space X :
(i) Cp(X) has a σ -compact frame of countable tightness;
(ii) Cp(X) has a σ -compact frame of countable weight;
(iii) X is compact and countable.
Proof. If X is compact and countable then RX is second countable and hence the set
⋃{[−n,n]X : n ∈ ω} is a second
countable σ -compact frame for Cp(X); this proves (iii) ⇒ (ii). The implication (ii) ⇒ (i) being trivial assume that (i) holds.
Theorem 2.2 implies that X is countable; since Cp(X) has a σ -compact frame, the space X must be pseudocompact by [13,
Theorem 3.1] so X is compact and hence we settled (i) ⇒ (iii). 
There are two possible ways to develop the topic which arises from Theorem 2.2. In the hypothesis we can formulate
a property weaker than σ -compactness or consider ω-embeddings instead of countable tightness. Of course, if we believe
that some general fact about Cp(X) can be derived from its embedding properties, then we must ﬁrst check the same fact
for the frames of Cp(X).
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dense subspace of a space Z of countable tightness is ω-embedded in Z so if we consider ω-embeddings of Cp(X) in
general compact or σ -compact spaces then we generalize the class of splittable spaces and Theorem 2.2 at the same time
as can be seen from the following fact.
2.4. Proposition. A space X is splittable if and only if the set Cp(X, (0,1)) is ω-embedded in [0,1]X .
Proof. Observe ﬁrst that there exists a homeomorphism ϕ : RX → (0,1)X such that ϕ(Cp(X)) = Cp(X, (0,1)). As an imme-
diate consequence, the space Cp(X) is ω-embedded in RX if and only if set Cp(X, (0,1)) is ω-embedded in (0,1)X . Thus, if
the space X is splittable then Cp(X, (0,1)) is ω-embedded in (0,1)X . It is standard that (0,1)X is ω-embedded in [0,1]X
so Cp(X, (0,1)) is ω-embedded in [0,1]X and hence we proved necessity.
On the other hand, if the space Cp(X, (0,1)) is ω-embedded in [0,1]X then it is ω-embedded in (0,1)X so X is splittable
by the observation of the previous paragraph. 
2.5. Corollary. For every splittable space X there exists an ω-embedding of Cp(X) in a compact space.
2.6. Theorem. The space Cp(X) is ω-embedded in a σ -compact frame if and only if X is compact and metrizable.
Proof. If X is compact and metrizable then any countable dense subset of Cp(X) witnesses that [Cp(X)]ω = RX so if we
take any σ -compact frame P for Cp(X) then Cp(X) is ω-embedded in P and hence we proved suﬃciency.
To settle necessity, assume that there exists a σ -compact set P such that Cp(X) ⊂ P ⊂ RX and P ⊂ [Cp(X)]ω . Take a
family {Pn: n ∈ ω} of compact sets such that P =⋃n∈ω Pn .
For any f ∈ Cp(X) and ε > 0 let I( f , ε) = {g ∈ Cp(X): | f (x) − g(x)|  ε for all x ∈ X}. It follows from [18, Lemma 1.1]
that there exist n ∈ ω and ε > 0 such that I( f , ε) ⊂ Pn for some f ∈ Cp(X). Let ξ(g) = 12ε (g − f ) + 12 for any g ∈ RX .
Then ξ : RX → RX is a homeomorphism such that ξ(Cp(X)) = Cp(X) and ξ(I( f , ε)) = Cp(X, [0,1]). The set K = ξ(Pn)
being compact, we have [0,1]X ⊂ K ⊂ [Cp(X)]ω . This implies that X is splittable by [16, Lemma 7]. The space X has to be
pseudocompact [13, Theorem 3.1]; any splittable pseudocompact space is metrizable [4, Theorem 3.2], so X is compact and
metrizable. 
Corollary 2.5 and Theorem 2.6 show that a space X might be splittable whenever Cp(X) is ω-embeddable in a compact
space. We could not prove that in full generality so we present some partial progress in this direction.
We will establish that if Cp(X) can be ω-embedded in a σ -compact space then X has a small diagonal, i.e., for any
uncountable set A ⊂ X× X which does not meet the diagonal  = {(x, x): x ∈ X} of the space X , there exists an uncountable
set B ⊂ A such that B ∩  = ∅. It is easy to see that any space with a Gδ-diagonal has a small diagonal. Since any compact
space with a Gδ-diagonal is metrizable, it is natural to ask whether any compact space with a small diagonal is metrizable.
This is an old problem of Hušek [11] which is still open. Hušek proved in [11], among other things, that under CH, if X is
compact and t(X)ω then X is metrizable.
Juhász and Szentmiklóssy established in [12] that if the diagonal of a compact space X is small then X has countable
tightness so CH is suﬃcient for metrizability of a compact space with a small diagonal. Since then, quite a few results were
obtained about spaces with a small diagonal (see e.g., [9]). Tkachuk showed in [17] that having a small diagonal in X is
related to having a caliber ω1 in Cp(X) and vice versa. In particular, if ω1 is a caliber of Cp(X) then X has a small diagonal;
besides, ω1 is a caliber of X if and only if Cp(X) has a small diagonal.
2.7. Theorem. If Cp(X) can be ω-embedded in a σ -compact space K then every uncountable regular cardinal is a caliber of Cp(X).
Proof. Take an uncountable regular cardinal κ and let I( f , ε) = {g ∈ Cp(X): | f (x)− g(x)| ε for all x ∈ X} for any f ∈ Cp(X)
and ε > 0. It is easy to see that every set I( f , ε) is a retract of Cp(X) which is homeomorphic to Cp(X, [0,1]). Therefore it
is suﬃcient to prove that there exist f ∈ Cp(X) and ε > 0 such that κ is a caliber of I( f , ε).
Fix a family {Kn: n ∈ ω} of compact sets such that K =⋃n∈ω Kn . By [18, Lemma 1.1] there exist n ∈ ω and ε > 0 such that
I( f , ε) ⊂ Kn for some f ∈ Cp(X). If κ is not a caliber of I( f , ε) then let U ⊂ τ ∗(I( f , ε)) be a family of cardinality κ such
that ord(U , g) < κ for any g ∈ I( f , ε). Take a retraction r : Cp(X) → I( f , ε); the family V = {r−1(U ): U ∈ U} ⊂ τ ∗(Cp(X))
also has cardinality κ and
(1) ord(V, g) < κ for any g ∈ Cp(X).
The cardinal κ being a precaliber of Cp(X) it must be a precaliber of I( f , ε) so κ is also a precaliber of Q = I( f , ε).
Since Q is compact, κ is actually a caliber of Q . For any V ∈ V ﬁx a set O V ∈ τ (K ) such that O V ∩ Cp(X) = V . Then
O = {O V ∩ Q : V ∈ V} ⊂ τ ∗(Q ) and |O| = κ so there is V ′ ⊂ V such that |V ′| = κ and E =⋂{O V ∩ Q : V ∈ V ′} = ∅; ﬁx
a point z ∈ E . There is a countable H ⊂ Cp(X) with z ∈ H ; since every element of {O V : V ∈ V ′} contains a point of H , it
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ord(V,h) κ . This contradiction with (1) shows that κ is a caliber of the space Cp(X). 
2.8. Corollary. If Cp(X) can be ω-embedded in a σ -compact space then the space X has a small diagonal.
Proof. Apply Tkachuk’s result [17, Corollary 5] which says that if ω1 is a caliber of Cp(X) then X has a small diagonal.
Theorem 2.7 does the rest. 
2.9. Corollary. Suppose that X is an ω-monolithic compact space. If Cp(X) is ω-embeddable in a σ -compact space then X is metriz-
able. In particular, if X is a non-metrizable Corson compact space then Cp(X) cannot be ω-embedded in a σ -compact space.
Proof. The space X has a small diagonal by Corollary 2.8; since no space with a small diagonal can have convergent ω1-
sequence, it follows from [12, Theorem 1.2] that X has no free sequences of length ω1, i.e., t(X)ω. If X is not metrizable
then we can apply the main result of [6] to ﬁnd a non-metrizable subset Y ⊂ X with |Y | = ω1; let {yα: α < ω1} be an
enumeration of the set Y . If Yα = {yβ : β < α} then the set Fα = Y α has countable weight for each α < ω1.
The tightness of X being countable, the set F =⋃α<ω1 Fα is closed in X ; therefore F is compact and w(F )  ω1.
Besides, F has a small diagonal and it follows from Y ⊂ F that F is not metrizable. However, it is standard that every
compact space F of weight  ω1 with a small diagonal is metrizable. (For otherwise it is easy to construct a decreasing
ω1-sequence {Sα: α < ω1} of closed Gδ-subspaces of F × F containing the diagonal  such that ⋂α<ω1 Sα = . If we take
a point xα ∈ Sα \  for every α < ω1 then the set {xα: α < ω1} witnesses that F does not have a small diagonal.) This
contradiction shows that X must be metrizable.
Finally observe that any Corson compact space is ω-monolithic because so is any Σ-product of real lines. Therefore, if
X is Corson compact and Cp(X) is ω-embeddable in a σ -compact space then X is metrizable. 
2.10. Corollary. If X is a Lindelöf Σ-space such that Cp(X) can be ω-embedded in a σ -compact space then, under the Continuum
Hypothesis, X has a countable network. In particular, if X is compact then it is metrizable.
Proof. Under CH, every Lindelöf Σ-space, space with a small diagonal has a countable network (see [9]) so all is left is to
apply Corollary 2.8. 
The results above suggest that we might obtain interesting information about X if Cp(X) is embeddable in a Lindelöf Σ-
space of countable tightness or even in a Lindelöf space of countable tightness. In this case the restrictions on X won’t
be so drastic because for example, Cp(X) is a Lindelöf Σ-space of countable tightness for any Eberlein compact space X .
However, some important implications can be proved both for compact and general spaces.
Unfortunately, it is much more diﬃcult to ﬁnd implications of embeddability of Cp(X) into arbitrary Lindelöf Σ-spaces
so most of our results deal with relevant frames of Cp(X). Recall that X is a P-space if every Gδ-subset of X is open in X .
2.11. Proposition. If X is an uncountable Lindelöf P -space then Cp(X) cannot be embedded in a realcompact space of countable
tightness.
Proof. Suppose that P ⊃ Cp(X) is a realcompact space such that t(P ) = ω and Cp(X) = P . The set F = Cp(X, [0,1]) is easily
seen to be countably compact so F is pseudocompact and closed in P so F is a compact space of countable tightness. It
is straightforward that Cp(X) embeds in Cp(X, [0,1]) so we have an embedding of Cp(X) is a compact space of countable
tightness. Therefore X is countable by Theorem 2.2, a contradiction. 
2.12. Proposition. If Cp(X) has a Lindelöf Σ-frame of countable tightness then X is a Lindelöf Σ-space.
Proof. We have t(Cp(X))  ω so X is Lindelöf; besides, it is a result of Okunev [13, Theorem 3.5] that existence of a
Lindelöf Σ-frame of Cp(X) implies that υ X is a Lindelöf Σ-space. Now, the Lindelöf property of X shows that X = υ X is a
Lindelöf Σ-space. 
2.13. Proposition. The set Cp(ω1 + 1) is ω-closed in its Hewitt realcompactiﬁcation υ(Cp(ω1 + 1)), i.e., B ⊂ Cp(ω1 + 1) for any
countable B ⊂ Cp(ω1 + 1) where the bar denotes the closure in υ(Cp(ω1 + 1)). In particular, t(υ(Cp(ω1 + 1))) > ω.
Proof. Recall that the set υ(Cp(ω1 + 1)) ⊂ Rω1+1 consists of strictly ω-continuous functions on ω1 + 1; we omit an easy
checking that a function f : (ω1 + 1) → R is strictly ω-continuous if and only if f |ω1 is continuous.
Take an arbitrary function h ∈ υ(Cp(ω1 + 1)) \ Cp(ω1 + 1). Since h is continuous on ω1, there exists γ < ω1 such that
h(α) = h(γ ) for any α ∈ (γ ,ω1). The function h is not continuous at the point ω1, so h(ω1) = h(γ ).
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from α0; in particular, f (α0) = f (ω1) for any f ∈ Q . However, h(α0) = h(ω1) and hence h /∈ Q ; this proves that Cp(ω1 + 1)
is ω-closed in υ(Cp(ω1 + 1)). Observe that υ(Cp(ω1 + 1)) = Cp(ω1 + 1) because the characteristic function of the singleton
{ω1} belongs to υ(Cp(ω1 + 1)) \ Cp(ω1 + 1) and hence t(υ(Cp(ω1 + 1))) > ω. 
2.14. Corollary. The space Cp(ω1 + 1) cannot be ω-embedded in any realcompact frame of Cp(ω1 + 1).
Proof. Assume that P is a realcompact frame of the space Cp(ω1 + 1). Then P ′ = P ∩ υ(Cp(ω1 + 1)) is a realcompact set
which contains Cp(ω1 + 1). As an easy consequence, P ′ = υ(Cp(ω1 + 1)) and hence υ(Cp(ω1 + 1)) ⊂ P . It follows from
Proposition 2.13 that [Cp(ω1 + 1)]ω = υ(Cp(ω1 + 1)) and hence [Cp(ω1 + 1)]ω = P , i.e., Cp(ω1 + 1) is not ω-embedded
in P . 
2.15. Proposition. If Cp(ω1 +1) can be embedded in a realcompact space of countable tightness then it can be embedded in a Lindelöf
space of countable tightness.
Proof. Suppose that Cp(ω1 + 1) ⊂ Y where Y is realcompact and t(Y ) = ω. There exists a continuous map
ϕ :υ(Cp(ω1 +1)) → Y such that ϕ( f ) = f for any f ∈ Cp(ω1 +1). We already observed that υ(Cp(ω1 +1)) consists of func-
tions which are continuous on ω1. It is easy to deduce from this fact that υ(Cp(ω1 + 1)) is homeomorphic to Cp(ω1) × R
which in turn is homeomorphic to Cp(ω1). It was proved in [10] that Cp(ω1) is a Lindelöf space so Z = ϕ(υ(Cp(ω1 + 1)))
is a Lindelöf space of countable tightness which contains Cp(ω1 + 1). 
2.16. Theorem. If X is a space such that Cp(X) has a Lindelöf frame of countable tightness then all free sequences in X are countable.
Proof. Suppose that P is a Lindelöf subspace of RX such that Cp(X) ⊂ P and t(P )  ω. Then t(Cp(X))  t(P )  ω and
hence X is a Lindelöf space. Assume that F = {xα: α < ω1} is a free sequence of length ω1 in X and let G = F . Let
Fα = {xβ : β < α} for each α < ω1. By normality of X , the sets Fα and F \ Fα are functionally separated in X ; therefore
clβX (Fα) ∩ clβX (F \ Fα) = ∅ for any α < ω1 and hence F is also a free sequence in βX . If H = clβX (F ) = clβX (G) then it is
standard that there exists a continuous onto map ξ : H → (ω1 + 1). Note that ξ(G) is a Lindelöf subspace of ω1 + 1 such
that ω1 ⊂ ξ(G); thus ξ(G) is compact so ξ(G) = ω1 + 1 and hence the map η = ξ |G is surjective. Therefore
(2) there exists a continuous onto map η : G → ω1 + 1.
Let η∗( f ) = f ◦ η for any function f ∈ Rω1+1; then η∗ : Rω1+1 → RG is an embedding such that C = η∗(Cp(ω1 + 1)) ⊂
Cp(G) and E = η∗(Rω1+1) is closed in RG . The space Cp(ω1 + 1) being dense in Rω1+1, the set C has to be dense in E .
Consider the restriction map π : RX → RG ; by normality of X we have π(Cp(X)) = Cp(G). Since the set E ′ = π−1(E) is
closed in the space RX , the set P ′ = P ∩ E ′ is Lindelöf and hence Q = π(P ′) is also Lindelöf. Observe that Q = π(P ) ∩ E ⊃
π(Cp(X)) ∩ E = Cp(G) ∩ E ⊃ C .
The set C ′ = { f ∈ Cp(X): f |G ∈ C} is dense in E ′ . To see that, take any function h ∈ E ′ and ﬁx a ﬁnite set A ⊂ X together
with ε > 0. If A0 = A ∩ G and A1 = A \ G then, by density of C in E , there exists g ∈ C such that |g(x) − h(x)| < ε for
all x ∈ A0. The set G is closed in X so it follows from normality of X that there exists f ∈ Cp(X) such that f |G = g and
f |A1 = h|A1. Therefore f ∈ C ′ and | f (x)−h(x)| < ε for all x ∈ A. This proves that C ′ is dense in E ′ so C ′ is also dense in P ′ .
The space P ′ has countable tightness so P ′ ⊂ [C ′]ω and hence we have the equality Q = π(P ′) ⊂ [π(C ′)]ω = [C]ω .
Therefore the set C is ω-embedded in a Lindelöf space Q . The map μ = (η∗)−1 : E → Rω1+1 being a homeomorphism, the
set Cp(ω1 + 1) = μ(C) is ω-embedded in a Lindelöf space μ(Q ) ⊂ Rω1+1. Thus the space Cp(ω1 + 1) is ω-embedded in its
Lindelöf frame; this contradiction with Corollary 2.14 shows that all free sequences in X are countable. 
2.17. Corollary. If X is a space such that Cp(X) has a Lindelöf frame of countable tightness inRX and a compact space K is a continuous
image of X then t(K )ω.
2.18. Example. There exists a compact separable space X such that X is not Fréchet–Urysohn and, for some Kσδ-space P
of countable tightness, we have the inclusions Cp(X) ⊂ P ⊂ RX , i.e., if X is compact and there is a K -analytic frame of
countable tightness for Cp(X) then Cp(X) need not be Lindelöf and X need not be either Fréchet–Urysohn or ω-monolithic.
Proof. If we take a maximal almost disjoint family on ω then, for the respective Mrówka space, its one-point compacti-
ﬁcation X is a compact space which fails to be Fréchet–Urysohn. Furthermore, X = A ∪ D where D is a countable dense
set of isolated points of X and A is homeomorphic to the one-point compactiﬁcation of an uncountable discrete space.
It is clear that X is separable and non-metrizable. If Y = A ⊕ D then Y condenses onto X so we can consider that the
underlying set of Y is X and hence τ (X) ⊂ τ (Y ). Then Cp(X) ⊂ Cp(Y ) ⊂ RX ; since also Cp(Y ) 	 Cp(A) × RD and both
spaces Cp(A) and RD 	 Rω are Kσδ , we convince ourselves that the set P = Cp(Y ) is a frame for Cp(X) which is also a
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Proposition IV.8.10]. 
The following example shows that if X is not compact then existence of a Lindelöf Σ-frame of countable tightness for
Cp(X) need not even imply that the tightness of X is countable.
2.19. Example. There exists a pseudocompact non-compact space M such that X = Cp(M) is K -analytic, t(X) > ω and
Cp(X) has a Lindelöf Σ-frame of countable tightness in RX .
Proof. To construct the promised space M consider a Reznichenko’s example K of a compact space such that Cp(K ) is
K -analytic and there is a point a ∈ K such that M = K \ {a} is pseudocompact and K 	 β(K \ {a}). This example seems to
have never been published; however, it was described (with a complete proof) in Section 8.4 of the book [8].
If X = Cp(M) then the restriction map condenses Cp(K ) onto X so we can consider that there is a topology μ on the
set X such that τ (X) ⊂ μ and X ′ = (X,μ) is homeomorphic to Cp(K ). Then Cp(X) ⊂ P = Cp(X ′) ⊂ RX , i.e., P is a frame
for Cp(X). Apply another theorem of Okunev (see [13, Corollary 2.11]) to see that P 	 Cp(Cp(K )) is a Lindelöf Σ-space; it
is evident that t(P )ω.
As a consequence, X is a K -analytic space such that Cp(X) has a Lindelöf Σ-frame of countable tightness; however,
t(X) = t(Cp(M)) > ω because M is a pseudocompact non-compact (and hence non-Lindelöf) space. 
A weak form of a theorem of Asanov (see [5]) says that if Cp(X) is Lindelöf then t(X)ω. Example 2.19 shows that this
result cannot be generalized to even Lindelöf Σ-frames of countable tightness for Cp(X).
2.20. Example. There exists a σ -compact space X such that t(X) > ω and Cp(X) has a Kσδ-frame of countable tightness
in RX .
Proof. This example was constructed by Okunev [13, Example 2.7] for other purposes. Let u ∈ Dω1 be the point with all its
coordinates equal to 1 and consider the σ -product σ = {x ∈ Dω1 : |x−1(1)| < ω} of the space Dω1 . If X = σ ∪ {u} then the
space X is σ -compact; the tightness of X is uncountable because u is not in the closure of any countable subset of σ . The
set σn = {x ∈ σ : |x−1(1)| n} is easily seen to be Eberlein compact for each n ∈ ω; it is evident that σ =⋃n∈ω σn .
If X ′ = {u} ⊕⊕{σn: n ∈ ω} then, as before, we can consider that we have the inclusions Cp(X) ⊂ Cp(X ′) ⊂ RX and it
follows from usual properties of Eberlein compacta that Cp(X ′) is a Kσδ-frame of countable tightness for Cp(X). 
3. Open questions
We hope that the results of this paper show that studying embeddings of Cp(X) in nice spaces of countable tightness is
an interesting and promising topic. The following list of open problems gives an idea of a further possible progress in this
direction.
3.1. Question. Is it true in ZFC that if, for a compact space X , there is an ω-embedding of Cp(X) in a compact space then
X is metrizable?
3.2. Question. Is it true in ZFC that if, for a Lindelöf Σ-space X , there is an ω-embedding of Cp(X) in a compact space then
X has a countable network?
3.3. Question. Is it true in ZFC that if, for a compact space X , there is an ω-embedding of Cp(X) in a σ -compact space then
X is metrizable?
3.4. Question. Suppose that, for a compact space X , the space Cp(X) has a Lindelöf Σ-frame of countable tightness. Is it
true in ZFC that X is sequential?
3.5. Question. Suppose that, for a compact space X , the space Cp(X) is embeddable in a Lindelöf Σ-space of countable
tightness. Is it true that t(X)ω?
3.6. Question. Suppose that, for a compact space X , the space Cp(X) is embeddable in a Lindelöf (or even realcompact)
space of countable tightness. Is it true that t(X)ω?
3.7. Question. Does Cp(ω1 + 1) embed in a realcompact (or, equivalently, Lindelöf) space of countable tightness?
V.V. Tkachuk / J. Math. Anal. Appl. 357 (2009) 237–243 2433.8. Question. Given a space X assume that Cp(X) is embeddable in a Lindelöf Σ-space of countable tightness. Is it true
that X is a Lindelöf Σ-space?
3.9. Question. Suppose that X is a Lindelöf P -space such that Cp(X) can be ω-embedded in a Lindelöf (or even realcompact)
space. Must X be countable?
3.10. Question. Suppose that Cp(X) can be ω-embedded in a compact space. Is it true that X must be splittable?
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